Kinematic constraints

» Letus assume a hypothetical case
« Measured energy and momentum of a particle, whose mass is known
« How to improve the momentum/energy ?
« Use the constraint equation, VE2 — P2 — M = 0 = f(m)

» The effective number of unknowns in the fit is reduced by the number of constraints.

HMIMP) = pm —my) + f(mgy, p) = 0

* f(m, p) = f(my,p) + (m — m,) om
 This result suggests that the solution can be “factored" into two pieces:

1) solving the unconstraint equations for m, and

2) applying the constraints to solve for m in terms of m,,.

1) Like perturbation
2) You are familiar with Lagrange undetermined multupliers



Vertex constraint

\ Track 1 | Track 2 Track 3,/ Track1 2
| YJ\
P1 P2 3
reference surface e Y I
R= R
Py D,
> Track 3
43 Vs v P
Predicted
qQ,, ¥V, Secondary Vertex
PV v X
q1 ’ \/ri

Track 5

« Extrapolate tracks to a point, where all passing through the same point.
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Kinematic constraints

« Assume the following decay chainsof B® meson
« B 5 D**'n~
« D** > DOt
« D' 5 K ntn®
e 10 > yy
« Several kinematic constraints may be applied to improve mass resolution of B, e.qg.
and an example from B-factory,

1. Mass of yy to Mo (Mass constraint)
2.K~and z* from DO decay intersect single space point (vertex constraint)
3. The K-z*zY mass is equal to Mp

4. 0 (Mass constraint)

5. Inv mass of D%* is equal to Mp«+
6.Slow * from D* decay and fast =~ from B® decay come from same space Point

7.5um of energies of final state particles (in each level) is the energy of beam (in
CM frame)


http://www.phys.ufl.edu/

Importance of the kinematic fit
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* Many discoveries were based on these constraint fit, by

« Reducing the background level
« Improving the mass resolution



An example of Kinematic constraint fit

« Effect of mass and vertex constraint fit to improve mass resolution in D® — Ksz* 7z~
decay chain.
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Generalised form of kinematic constraints

Measured variables
* N : number of measured variables (input)
* m, : measurements of these variable, N-dimensional (input)
« V : covariance matrix, N x N (input)
« m : vector of fit values of measured variables, N-dimensional
« The y? ansatz, y* = (m —my)T V"1 (m —my)
Unmeasured variables
« J : number of unmeasured variables (input)
 p : vector of unmeasured variable values, J-dimensional
Constraints
« K : number of constraints (input)
 f:vector of constraint functions, K dimensional (input)
Each constraint is a function of measured and unmeasured variables. When
constraint is satisfied,
[k (ml,mz, ...... my,P1, P2, ....p]-) =0fork=1,.. K
Lagrange multipliers : A vector of multipliers, K-dimensional



Generalised form of kinematic constraints

» The constraints equation can be linearised as
* f(m,p) = f(mgy,po) + A-dm + B - 6p = 0 where A= 9f/0m|y—m, p=p,
B = df/op , odm=m-—my and ép = p — py

m=my,p=py
* The best estimates of measured and unknown quantities are obtained by minimising
x2(m,p,A) =(m—my)TV1im—-—my) +2 1T f(m,p)
« Set all partial derivatives to zero:
2
D % = [2(m —mg)" V142274 = 0 = V- 16m = —ATA - 6m = —VATA
(& step 3)

2
2) L =21"B=0

9 2
3) S =fmp)=0
In general, a system of nonlinear equations, N +J + K equations with N + J + K
unknowns, i.e., dm, ép, 61



Generalised form of kinematic constraints

From the third constraint, f(m,p) = 0 = f(mgy,pg) + A-6m+ B - 6p =

const —AVATA+Bép=0= 1= (AVAT)_1 [const + B - 8p] & (Step 2)
om = —VAT(AVAT) Y const + B - 6p]

From second constraints, A* B = 0 - BT 1 = 0;

+ BT(AvAT) '[const] + BT(AVAT) ' Bsp =0

.« §p=— [BT(AVAT)_lB] - BT(AvAT) " [const] < (Step 1)

These give the solution for N +J + K unknowns, i.e., i.e., dm, ép, A

Unique solution!

But an approximation was made: need to iterate

Choose new mg, py Which are based on m & p

After a few iterations, size of m & &p get small, change in x# gets small.



Covariance matrices

 For the estimation of errors, modify the constraints equation by incorporating the measured
values in any steps, i,.e., m;,
* fim,p) = f(my,pg) +A-(Mm — mg+mg—my) + B-(p —po) =0
s fm,p) =const+ A-dm+A-(img—my)+B-(p —py) =0
* In that scenario and with W = (AVAT)~1
« 6p=—[BTWB] 'BTW[const+ A - (mg — my)]
« A=WJconst+ A - (mg—my) + B - 6p]
« &m=-VATA=-VA"W[const + A- (mg—mg) + B - 8p]
= —VA"W|[1- B(B"W B) "' B"W/|[const + A - (n, — mo)]

¢ x% = (m)TV-1(6m) = (-VATA) V-1 (—VATA) = ATAVTV-1vATA = ATAVTATA =
AT(avAT)2 = AT[f(mg,po) + A-6m + B - §p] = AT(A- 6m + B - 6p + const)



Covariance matrices

« With the approximation that the during the last stages, const = f(m,; po) = f(m;
p) = 0, the covariance of

- Unmeasured variables : C,= < (6p)(6p)T > = (B™W B)_1

« Measured variables : C€,,=< (dm+ (mgz—my))(dm + (mg —my)T > =
V —VATWAV + VA™W |B(B'TWB) BTW| AV

» Covariances between fit and unmeasured variables : Cp, = < (6p)(ém +
(mg —mg)T >=—VATWB(BTWB) ™"

Derive all these covariance terms



Measurement of three angles of a triangle ‘

There is no unmeasured variables, J=0

A+ B+ (C=180°

0
* Measured variables are three angle of triangle, N=3, corresponding m = 9;
a2 0 0 O3
- The errorMatrix, V= 0 &% 0
0 0 o3

Number of constraint isone, K=1and f(m) = 6, + 6, + 63 —180° = 0
Derivatives, A= df/dm = (1 1 1)

c; 0 O 1
w=(ava) '=|ad 1 D[l o ¢ o (1) = 1/(3; 07)
_ 0 o0 o3/
A=W - f(mg) = (819 + 29 + 039 — 180°) /(3; 67)

i 0 0 1 o1
sm=-VATA=-| 0 o5 0 <1>/1=—/1 o5

0 00’% 1 a%



Measurement of three angles of a triangle

Updated error matrix, ,,, =V — VATWAV
9.551 —2.939 —6.612
For an example of of* = 6°,05 = 2°, 0% =3°, Y, = (—2.939 3.675 —0.735)
—6.612 —0.735 7.347

Corresponding to the error in individual measurements are (3.091, 1.917, 2.711)°

Note that error is independent of input m;, because the derivatives of constraint egn,
df /dm; =1

Solution converges in the 1st iteration
In general, this is not a constant and it requires an iterative approaches

%/ ndf 1097 127
Constant 0.02218
Mean —0.001064

¥/ ndf 56.76 / 54 L %F Mndf 69.53 780
Constant 0.06636 Constant 0.04429

Mean —0.002439 0.04 - ean —0. -
e, oo . sigma 3003 |  After the fit errors

0.02 0.06]-

0.015

0.005

Sigma 5.994

. 0.04] | are reduced, which
o ol % were expected and

_ } o also the error on the

e s e s e a3 fitted values are the
0, (Before fit) 6, (Before fit) 6, (Before fit)
%* I ndf 106 /83 *= F ndf 6416/52 | 0.05F %=/ ndf 596772 Same aS the

" g ooassia | 0.06] v oomm | we" oo | calculated value,

0.03

those are also
expected.

0.04] 0.03

0.02 : 0.02
0.02

0.01 0.01

._10.

0 10 20 30 10 0 10 __20 30 10 o0 10 __20
6, (After Fif) 8, (After Fit) 6, (After Fif)

30




Measurement of three angles of a triangle

 But, be sure to use the proper errors for all three triangles,

* e.g., If one uses the average error for all three sides, the same observed data gives
worse results.
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Do we need a complicated matrix solution for this problem ?

« Let us use the simple definition of modified x? of this problem,
2 _ (61— 910)2 (2 920)2 (63—630)>

° X 0_1 0'2 0'% +2)l(91+92+93 180)
19 0,—0;

°Ea)é ,OH 0=0;=0;+A 0’
-%%—(01+02+03 180°) = 0

(01 +02+a3)

© 0;=0;0+1-07=0;,+|07/(X;67)] [180° — (019 + O29 + O39)]

¢« 1=

» The result returns back to the exact solution of the Matrix solution = Gives a
confidence that the matrix solution is correctand can be used for complicated
non-linear problems.



Warning : It does not take care of any shift in the measurements.
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Improvement of P_o in the reconstruction of the mass of 7 from two photons

« Measured parameters (y) : Ey, 81, ¢4, E», 8, and ¢, ¥

« Constrainteqn: 2E{E, (1 — cos04,) — mio = f(y) — mio = 0, with cos0, =
sinOq sinB, cos(¢p1 — ¢P,) + cosO cosO,
 Using Lagrange multipliers
* F(yo) = 2E1E(1— c0os013)
« A= (avA") ' F(y,), Sy=-vATA x2 = AT [F(y,) + A8y], where A =
dF /0y, V isthe covariant error matrix, of y (Ey, 641, 1, E5, 05, @5)



Improvement of P_o in the reconstruction of the mass of ° from two photons

« An alternative way to use the constraint egn is

2
—y: )2  (fO)-m?
Xz — i6=1(yl Yio) +( no)

2 2
Oy; 00
02 of (fy)-m
— 9 YiTYVio Yi—Yio + 2 f ( 2 ) =0
dyi Jyl dy; g
of 2
Dy; of [f(y°)+6yi i no]
— = — , Where Dy; =y; —y;
sz;i aJ’i G;o Yi Yi Yio

In matrix notation,

V=1.Dy=AT - (m2, — f(yo) — A-Dy)/c%
(V24 AT - A/02) Dy = AT - (mho — f(¥0))/ 00

Dy = (V_ +AT . A/O'T[o)_ . AT . (mno _f(yO))/O'TfO

With an iterative procedure, recalculate parameters, until the change in m,, and y? is

lower than a certain value (e.g., 107°).

Updated Error matrix of measured variables, Vyp =V — VAT (AVAT) 1AV
Error on the fitted pion momentum, op , = A’ VypA'" /(2 P0), where A" = ano/ay

The calculated values of error on the momentum can be compared with the resolution of

fitted pion momentum.



Improvement of P_o in the reconstruction of the mass of ° from two photons
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» There is a difference in two procedures (in the triangle case, they were exact), primarily
due to the steps in iterative processes.

« Any two different numerical procedures have different results (expected within the
estimated error)

* Input errors vary with events, thus o0 also varies i.e., superposition of many Gaussian
functions with different widths = Non Gaussian distributions of AP o



Extension to three body decays

B - J /Y (- uu)K channel and extension for the searches of new particles (e.g., X/Y)
using B —» X(uw)K orY — J /i (- w)K

Using mass constraint fit of B meson, you can improve the mass resolution of X(J /y)
« Exactly same analogy for t - H* (¢5)b of unknown mass of H "'

Similarly mass constraint fit of / /i meson can improve the mass resolution of Y (B).
« Measurement of top mass using W-mass constraint of t — W (qq') b decay

B-]J]/Y (- puwK

The masses of B, J /Y, Kand u are 5.279, 3.094, 0.494 and 0.1067 GeV respectively,
where momentum vector of B meson is (2.0x, 0.1x, 0.1x) GeV, x=[0,1].

Resolutions : a;, /p = (0.0032 @ 0.0019p) and gy /0y = 2/1 mrad for all stable
particles.

t-> W(-— qq)b

The masses of t, W, b and q/q are 172, 80.44, 5.28 and 0 GeV respectively, where
momentum vector of top quark is (500x, 500x, 500x) GeV, x=[0,1].

Resolutions : o /E = (2.0 @ 125/VE @ 56/E)% and o4 /0, = 10/10 mrad for all
stable particles (resolution of jets)



Different constraints

Iterative Polar (three body mass)
Lagrange Polar (three body mass)
Lagrange Cartesian (three body mass)

> e

Lagrange Cartesian (three body mass)

Lagrange Cartesian (two & three body masses)

Lagrange Cartesian (Energy of three body system)

Lagrange Cartesian (Energy and momentum of three body)

Lagrange Cartesian (Energy and momentum of three body + mass of two body)
Lagrange Cartesian (Energy of three body and mass of two body)

© © N o O

10. Lagrange Cartesian (Energy and mass of two body)
11. Lagrange Cartesian (three body mass, but error using true momentum



Extension to three body decays
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 Differences with cartesian and polar angle constraints are using fit parameters as
momentum and energy respectively, but the resolution parameters were taken the same.



Changing momentum as free parameters in all cases
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All are nearly the same, but as expected any two independeht numerical

analyses need not give exactly the same results.



Changing momentum as free parameters in all cases
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Another application of constraint fit

An experiment wants to measure the mass of one particle which is produced as a pair in
electron-positron collisions and then each of them decays into a pair of objects

ete™ > WH(= qqW (> q"7")

Measure the energies of the 4 jets coming from the 4 quarks and their angles. Jet
directions are well measured but the energies are not so well measured. So try to utilise
some of the known phenomena and see if this can help the measurements,

« Energy and momentum are conserved in the particle production and decay processes

 Since electrons and positrons collide head-on, the initial state momentum = 0 and
initial state energy = 2E,.;m

« The two W's might have the same mass
Adgain all quantities are measured with some precision has unmeasured (a) entries

\ariables (i) are E;, 6;, ¢;, B;, Where B; = |Ef —m? /E; for i=1,..4.



Another application of constraint fit

Constraint equations are

fii2iEi —2Epeam =0

f2 : XiBiE; sinb; cosp; = 0

f3 + 2i BiE; sinB; sing; = 0

fa: XiBiE; cosB; =0

fs : (Ey + Ex)* — (E3 + Eg)* — (B1E1sinficosdy + BoE;sinb,cos¢,)* +
(B3E3sinf3c05¢3 + BoE4sin0,co5¢,)? — (BLE sinB sing, + BrE,sinb,sing,)? +
(B3E3sinOssings + BLE,sin0,sing,)? — (B1E1c0s0, + [,E,c0505)% + (B3 Ezcos05 +
BLE4c050,)% =0

Derivative matrix, df /om (four constraint fit) is

1 pB;sinB;cos; pisinf;sing; picos0;

0 p;E;cosB;cosp; pPiE;cosO;sing; —L;E;sin0;

0 —pB;E;sinf;sing; PiE;sin@;cos; 0

0 E;sinB;cos¢; E;sinf;sin¢; E;cos0;

Measurement was done with data using /s = 210 GeV for o and gy /0y Of

[(1.0/VE @ 0.08),40 mrad] and [(0.5/VE @ 0.04),20 mrad] respectively.

Uses events with number of iteration <10, where the termination condition is Ay? < 10™°
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== Gien

= Smearad
== 4-Constraint
== 5-Constraint

0 60

100

H == Gien
H—=
1| 44— 4-Constraint

o E»: == 5-Constraint

Smeared

0.61
0.4f

o.2f

o 60

N
M, 5 [GeV]

100

= Smeared
=4 4-Constraint
== S-Constraint

= Smeared
=4 4-Constraint
== 5-Constraint

= Smeared
=4 4-Constraint
== 5-Constraint

SN
P - P.l/P

Gen
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The 5-constraint fit

Drastically improved
the W-mass
measurement

But, biased the both
massed towards the
central value

e Underestimate the
width of W-boson.

Also, wrong
measurement of the 3-
vector of individual jets
due to mass constraint.



Pair production of a narrow width particle
« With the assumption that width of W is negligible (e.g., 10 MeV)

H == Gen
-
H == 4-Canstraint

Smearad

[| == 5-Constraint

H == Gen
1 Smaarsd
H == 4-Constraint

[| == 5-Constraint
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== 4-Constraint
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0.5

= Smearad
= 4-Constraint
== 5-Constraint

b= Smeared
=~ 4-Constraint
== S-Constraint

 Constraint mass is improved

very much wrt measured
mass.

For the proper concept
(masses are equal) the 3-
vector of individual jets also
improved.

Reminder : For kinematic fit
needs the correct constraint
and proper estimation of
error.



Constraint fit with unmeasured variables

« ete” > WTW™ - qq' + £v, where unmeasured 3-\ector of neutrino is use in
constraint equation.

« Unmeasured variables are three momentum components of neutrino, J =3
« Measured variables are 4-vectors of two jets and 3-\ector of lepton, N = 11

« Number of constraint equations for the option of equal/oat W-masses in fit, i.e., K =
5/4
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Hands on Session

» Use the simple triangle problem,

Put resolution of three angles as 3, 5 and 7°.

* Improvement of P_o in the reconstruction of two photons. \erify that you have smeared

all parameters properly by comparing the smeared mass and momentum distribution of
pions.

Generate a set of 4-momenta for a pair of photons from decays of 5 GeV n° going in
a direction given by 6 = 60° and ¢ = 45°,

Assume the photons are measured in a calorimeter with an energy resolution of 1%,
theta and phi resolutions of 0.5°,

Reconstruct back the w® momenta using the constraint equation that the effective mass
of the two-photon system will be ° mass (0.1349739 GeV),

Use a sample of 1000 photon pairs and plot the measured and fitted mass of the two-
photon system and

Also show the resolution of P for the measured and fitted 4-vectors of photons

Three body problem, B = J /Y (= uu)K
ete” > W*(-qq )W (= q"q")



