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Our strategy�

!  Muon on lattice, photon on lattice, and let 
lattice calculate the form factor (two loop QED)�

EQUATIONS

N. YAMADA
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The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp
µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5
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Quark and Gluon fields on the lattice
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The magnetic moment of the muon:    
Essentials of the Muon g − 2 3

where µB is the Bohr magneton which has the value

µB =
e!

2mec
= 5.788381804(39)× 10−11 MeVT−1 . (5)

Formally, the anomalous magnetic moment is given by a form factor, de-
fined by the matrix element

〈!−(p′)|jµ
em(0)|!−(p)〉

where |!−(p)〉 is a lepton state of momentum p. The relativistically covariant
decomposition of the matrix element reads

γ(q)
µ(p′)

µ(p)

= (−ie) ū(p′)
[
γµFE(q2) + iσµν qν

2mµ
FM(q2)

]
u(p)

with q = p′ − p and where u(p) denotes a Dirac spinor, the relativistic wave
function of a free lepton, a classical solution of the Dirac equation (γµpµ −
m) u(p) = 0. FE(q2) is the electric charge or Dirac form factor and FM(q2)
is the magnetic or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ]
represents the spin 1/2 angular momentum tensor. In the static (classical)
limit q2 → 0 we have

FE(0) = 1 ; FM(0) = aµ (6)

where the first relation is the charge normalization condition, which must be
satisfied by the electrical form factor, while the second relation defines the
anomalous magnetic moment. aµ is a finite prediction in any renormalizable
QFT: QED, the Standard Model (SM) or any renormalizable extension of it.

By end of the 1940’s the breakthrough in understanding and handling
renormalization of QED (Tomonaga, Schwinger, Feynman, and others) had
made unambiguous predictions of higher order effects possible, and in particu-
lar of the leading (one-loop diagram) contribution to the anomalous magnetic
moment

aQED(1)
# =

α

2π
, (! = e, µ, τ) (7)

by Schwinger in 1948 [3]. This contribution is due to quantum fluctuations
via virtual photon-lepton interactions and in QED is universal for all leptons.
At higher orders, in the perturbative expansion1, other effects come into play:
strong interaction, weak interaction, both included in the SM, as well as yet
unknown physics which would contribute to the anomalous magnetic moment.

In fact, shortly before Schwinger’s QED prediction, Kusch and Foley in
1948 established the existence of the electron “anomaly” ge = 2 (1.00119 ±
0.00005), a 1.2 per mill deviation from the value 2 predicted by Dirac in 1928.

1 which is equivalent to the loop-expansion, referring to the number of closed loops
in corresponding Feynman diagrams.

(1) Q.E.D.
(2) Electroweak
(3) Hadronic

Standard 
Model:
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EXPERIMENT:

THEORY:

            = 11659208.0(6.3) × 10 -10     (0.54ppm)      [BNL E821, 2006-2008 ]  
  = 11659205.9(2.2) × 10 -10     (0.19ppm)      [Fermilab Muon g-2, 2018-2023 ] 

              =  11659181.0(4.3) × 10 -10     (0.37ppm)     [Muon g-2 Theory Initiative,  
                                              Phys.Rept. 887 (2020), 1-166]  

      TENSION: 3.7   / 4.2 

aexp
μ

aexp
μ

ath
μ

σ σ

aµ =
gµ � 2
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Hadronic light-by-light (HLbL) scattering

+ + · · ·

Models: (105 ± 26) ⇥ 10�11
[Prades et al., 2009, Benayoun et al., 2014]

(116 ± 40) ⇥ 10�11
[Jegerlehner and Ny↵eler, 2009]

systematic errors di�cult to quantify
Dispersive approach di�cult, but progress is being made
[Colangelo et al., 2014b, Colangelo et al., 2014a, Pauk and Vanderhaeghen, 2014b,

Pauk and Vanderhaeghen, 2014a, Colangelo et al., 2015]

First non-PT QED+QCD calculation [Blum et al., 2015]

Very rapid progress with pQED+QCD [Jin et al., 2015]

New HLbL scattering calculation by Mainz group [Green et al., 2015]

Tom Blum (UCONN / RBRC) Progress on computing the muon anomalous magnetic moment from lattice QCD(+QED)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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[WP20] T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166  
White Paper Muon g-2 Theory Initiative: https://muon-gm2-theory.illinois.edu

2 / 20 

<

https://muon-gm2-theory.illinois.edu


• =  11659208.0(6.3) × 10 -10 (0.54ppm) [BNL, 2006-2008 ]  
• =  11659205.9(2.2) × 10 -10     (0.19ppm) [Fermilab, 2018-2023 ] 

aexp
μ

aexp
μ

          from experiment: FNAL E989, J-PARC, …aμ

Muon g-2 Experiment at Fermilab, Liang Li, SPCS 2013 June 5th , 2013 2 

As many of you may have heard: 
Muon (ring) is moYing« 

BNL 
E821 

FNAL 
E989 

Why move 600 ton, 15 meter wide 
metal ring half-way across U.S.? 
• Why muons? 
• What¶s muon g-2? 
• What do we learn from it? 
• Why we are moving it to Fermilab? 
• How we are going to run the 

experiment? 
 

 

D. B. Abi et al. (Muon g−2 Collaboration) 
Phys. Rev. Lett. 126, 141801 – 7 April 2021 9

Muonium production target

(300 K ~ 25 meV)

Full tracking 
silicon tracker

66 cm

Compact storage magnet

(3T, ~1ppm local)Ultra slow ǌ+ production by

Resonant Laser Ionization of 

Muonium (~106 m+/s)

Target precision

©(g-2) = 0.1 ppm
©EDM = 10-21 e・cm

Re-acceleration LINAC

(~ 200 MeV)

ıa1 ȷ mm・mrad !

J-PARC g-2 experiment (E34)
3 GeV proton beam

(1MW, double pulses, 25Hz)Production 

target

Surface muon

beam (4 MeV)
ıa1000 ȷ mm・mrad

Ultra 
slow ǌ+

J-PARC
Muon g-2/EDM

arXiv:2201.12102 
arXiv:2201.12102 
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MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

https://cds.cern.ch/
record/2677471D. B. Aguillard et al. (Muon g−2 Collaboration) 

Phys. Rev. Lett. 131, 161802 (2023) – 10 
August 2023

√

https://arxiv.org/abs/2201.12102
https://arxiv.org/abs/2201.12102
https://cds.cern.ch/record/2677471
https://cds.cern.ch/record/2677471
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• Relation between the                   and                   :  

• Imaginary part of            is related to the experimental total cross-section in e+e- annihilation:

• Important contributions:  

•  

Re⇧(Q2) Im⇧(Q2)

⇧(Q2)�⇧(0) =
Q2

⇡

Z 1

0
ds

Im⇧(s)

s(s�Q2)

Im⇧(s) =
↵

3
R(s)

⇧(s)

⇢,!,�, J/ 

Relation to experimental extraction

connection between real and imaginary part of ⇧(q2)

⇧(q2)�⇧(0) = q
2

⇡

R1
0 ds Im⇧(s)

s(s�q2)

Im⇧(s) related to experimental data of total cross section in e+e� annihilation

Im⇧(s) = ↵

3R(s)

/</ l,t q J/s

0 0.5 1 1.5 2 2.5 3 3.5
E [GeV]

1

2

3

4

5

R
(E

)

important contributions

• ⇢,! (Nf = 2)

• � (Nf = 2 + 1)

• J/ (Nf = 2 + 1 + 1)

28

Data driven HVP approach: dispersive methods
[see talk by Martin Hoferichter, Tue, 17:45]
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• Other than: 

• O(1000) channels 

• Model calculations had to be used for some channels 

• [Keshavarzi, Nomura, Teubner,  Phys.Rev. D97 (2018) no.11]

Re⇧(Q2) Im⇧(Q2)

⇧(Q2)�⇧(0) =
Q2

⇡

Z 1

0
ds

Im⇧(s)

s(s�Q2)

⇧(s)

⇢,!,�, J/ 

How the data really look like

• demanding analysis of O(1000) channels
Jegerlehner, Ny↵eler, Phys.Rep.

• results of ahvp
µ

depends on data and/or models

• want first principle QCD calculation: lattice

29

Im⇧(s) =
↵

3
R(s)

Data driven HVP approach: dispersive methods

Lattice QCD (+QED) provide a way to compute 
these contributions in a model-independent way

• Relation between the                   and                   :  

• Imaginary part of            is related to the experimental total cross-section in e+e- annihilation:

[see talk by Martin Hoferichter, Tue, 17:45]

4



Non-perturbative treatment of QCD

Quarks

a {
Gluon

• Systematic method for computing hadronic observables from first principles 

• “Sacrifice”  observables to fix the parameters (e.g. hadron masses), and everything else is a 
prediction of the theory 

Nf + 1

SE
QCD =

Z
d4x LE

QCD
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LE
QCD =

1

2g
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
�µ (@µ + iAa

µT
a) +mf

 
 f
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Independent calculations using different choice of the discretization 
for SG and SF.  Results agree once continuum limit is taken!
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Lattice QCD: choice of fermion discretization

Results agree once continuum limit is taken!

• Different lattice collaborations

6 

Lattice Gauge Action - shortly

SG = 1

2gTr Fµ⌫(x) Fµ⌫(x)

Need gauge invariant object: trace over closed loop of gauge links

Smallest possible closed loop: Plaquette

Uµ⌫(n) = Uµ(n)U⌫(n + µ̂)U�µ(n + µ̂+ ⌫̂)U�⌫(n + ⌫̂)

= Uµ(n)U⌫(n + µ̂)Uµ(n + ⌫̂)†U⌫(n)†

Wilson gauge action:

Sg ⇠
P

n

P
µ<⌫ Re tr

⇥
1� Uµ⌫(n)

⇤

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 22 / 36

Lattice Gauge Action II

Improvement: taking into account larger Wilson loops

All in the same universality class:

�! converge to tr
⇥
Fµ⌫(x)Fµ⌫(x)

⇤
in the continuum limit

�! improvement reduces the discretization errors!

Lattice artefacts in scaling behaviour:

�! Wilson gauge action: O(a2)

�! Luscher-Weisz: O(a4) [K. Symanzik, 1981; Luscher and Weisz, 1985]

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 23 / 36

• Different discretization 
prescription for fermionic action

Staggered Fermions  

Doman Wall Fermions

Improved Wilson Fermions  

Wilson’s (plaquette) 
Gauge Action

Luscher-Weisz 
Gauge Action

Iwasaki Gauge 
Action



(1) Generate ensembles of field configurations using Monte Carlo 

(2) Average over a set of configurations:  

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes 

• Computational cost dominated by quarks: inverses of large, sparse matrix 

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation
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• Important source of systematics: 

➡ neglecting/incomplete treatment of isospin breaking effects

❖ Few percent effects: 

❖ Have to be taken into account for the goal precision:   
ΔaHVP

μ

aHVPμ
≈ 0.002

Beyond Lattice QCD

First decades of Lattice QCD, typically: mu = md and αem = 0

8 / 20 [Snowmass22 2203.15810 [hep-ph]][FLAG21 2203.15810 [hep-ph]]

  
Δ f+(0)
f+(0) ≈ 0.002 − 0.003

https://arxiv.org/abs/2203.15810
https://arxiv.org/abs/2203.15810


• Important source of systematics: 

➡ neglecting/incomplete treatment of isospin breaking effects

QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

O(αem), O(mu − md)

➡ expand about iso-symmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Beyond Lattice QCD

8 / 20

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[R123: 1303.4896, PRD87(2013)11]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[Duncan,Eichten, hep-lat/9602005, PRL76(1996), 
Blum et al. 0708.0484 PRD 76 (2007)114508, …] 
[BMW: 1406.4088 Science 347 (2015), 
QCDSF: 1509.00799, JHEP 04(2016) 093, 
RCstar: 2209.13183 JHEP03(2023)012, …]

https://arxiv.org/abs/1303.4896
http://arxiv.org/abs/arXiv:1406.4088
https://arxiv.org/abs/1509.00799
https://arxiv.org/abs/2209.13183


• Three ways to deal with IR divergence: 

➡  Modify gauge filed: removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[PRL76(1996), Prog. Theor. Phys. 120(2008)413, Science 347 (2015) 1406.4088, …] 

➡ ︎ Massive photon [PRL 117 (2016) 7, PoS LATTICE2021 (2022) 281] 

➡  [Phys. Rev. D 96 (2017), Phys. Rev. D 100 (2019) 094509] 

➡ ︎ C* boundary conditions (no zero-mode present) [JHEP 1602, 076, EPJC 80 (2020) 3, JHEP03(2023)012]

QEDTL/QEDL

QED∞

• FV effects <—— the way the infrared divergence associated with the zero momentum mode of the photon 
propagator is canceled on the lattice: 

• Gauss law does not allow a non-zero charge to exist in a finite periodic box: q(t) = ∫ d3x ρ(t, x) ≡ 0

↵em

Z
d4k

(2⇡)4
1

k2
. . .

↵em

V

X

k

1

k2
. . .➡ continuum: ➡ lattice:

Challenges for IB effects lattice computation

úRC

CRú9 / 20

http://arxiv.org/abs/arXiv:1406.4088


• Important source of systematics: 

➡ neglecting/incomplete treatment of isospin breaking effects

➡ expand about iso-symmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Beyond Lattice QCD
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[openQ*D:  https://gitlab.com/rcstar/openQxD]

[RCstar: Campos et al. Eur.Phys.J.C 80 (2020) 3, Bushnaq et al. JHEP03(2023)012]

C⇤ b.c.s via orbifolding
Carmona, D’Elia, Di Giacomo, Lucini, Int. J. Mod. Phys. C 11, 637 (2000)

��Pf KCD[U � U
⇤]
�� /

Z
[d�] [d�†] exp

n
��†(D†

D[U � U
⇤])�1/4�

o

�(x + Lk̂) =

✓
0 1
1 0

◆
� ⌘ K�

�1

�2

Uµ

U⇤
µ

fundamental lattice mirror lattice

úRC

CRú

[R123: 1303.4896, PRD87(2013)11]

QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

HVP: [RCstar: Altherr et al. PoS LATTICE2022 (312), PoS LATTICE2022 (281)]

HVP:

[RBC/UKQCD: JHEP09 (2017) 153, 
PRL121(2018)022003]
[BMW: Borsanyi et al. Nature 593 (2021)7857]

[Mainz: PRD106(2022)11]

|
{z

}
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(1) Generate ensembles of field configurations using Monte Carlo 

(2) Average over a set of configurations:  

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes 

• Computational cost dominated by quarks: inverses of large, sparse matrix 

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

HVP

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL
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Our strategy�

!  Muon on lattice, photon on lattice, and let 
lattice calculate the form factor (two loop QED)�

EQUATIONS

N. YAMADA
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Breakdown
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aEW
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Γµ(q) = γµ F1(q
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F2(q
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F1(q
2) = 1, F2(q

2) = 0(8)

F1(0) = 1, F2(0) = al(9)

al = F2(0)(10)
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• Target relative precision:  

➡ Calculations not as mature as the lattice HVP determinations 

➡ Crosschecks between the two approaches in WP20

≤ 10 %

❖ RBC/UKQCD ( ):QCD + QEDL ❖ Mainz group ( ) :QCD + QED∞/cont.

Two completely independent methods/calculations

PoS(LATTICE 2008)251

Calculating the light by light contribution to the muon anomalous magnetic moment using lattice QED
Saumitra Chowdhury

these diagrams commonly contribute to both the first and second terms in Eq. (2.1), only the light-
by-light diagram remains un-cancelled in the difference of Eq. (2.1). Thus, we may extract the
light-by-light contribution.

O(α2em)

〈

quark

〉

QCD

O(α3em)

〈

quark

〉

QCD

O(α3em)

〈

quark

〉

QCD

O(α3em)

〈

quark

〉

QCD

. (2.2)

3. Lattice Implementation

In this section, we describe our computational approach, depicted in Fig. (2) for pure QED,
i.e. the hadronic blob is replaced by a lepton loop for now. The reason behind this is to compare the
lattice calculation with the well known QED result. Once the lattice QED calculation is understood
and is in agreement with the perturbative result, we can simply switch back to the quark loop. The
loop is created from a local domain wall fermion (DWF) point source, with conserved currents in
the internal vertices of the lepton loop and line. The use of the conserved currents is crucial to
avoid the appearance of quadratic divergences.

Figure 2: Lattice implementation of the light-by-light diagram.

The definitions of the local and point-split conserved currents are given by

jx,µ = q̄xγµqx (3.1)

Jx,µ =
1
2

Ls−1

∑
s=0

(

Ψ̄x+µ ,s(1+ γµ)U†
x,µΨx,s− Ψ̄x,s(1− γµ)Ux,µΨx+µ ,s

)

, (3.2)

where qx and Ψx,s correspond to four and five dimensional fermionic fields, respectively, and the
sum is taken over the sites of the fifth dimesion. The amplitude for the loop in configuration space
is given by

Mloop =Πµν(x,y) (3.3)
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these diagrams commonly contribute to both the first and second terms in Eq. (2.1), only the light-
by-light diagram remains un-cancelled in the difference of Eq. (2.1). Thus, we may extract the
light-by-light contribution.
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3. Lattice Implementation

In this section, we describe our computational approach, depicted in Fig. (2) for pure QED,
i.e. the hadronic blob is replaced by a lepton loop for now. The reason behind this is to compare the
lattice calculation with the well known QED result. Once the lattice QED calculation is understood
and is in agreement with the perturbative result, we can simply switch back to the quark loop. The
loop is created from a local domain wall fermion (DWF) point source, with conserved currents in
the internal vertices of the lepton loop and line. The use of the conserved currents is crucial to
avoid the appearance of quadratic divergences.

Figure 2: Lattice implementation of the light-by-light diagram.

The definitions of the local and point-split conserved currents are given by

jx,µ = q̄xγµqx (3.1)
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1
2
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∑
s=0

(

Ψ̄x+µ ,s(1+ γµ)U†
x,µΨx,s− Ψ̄x,s(1− γµ)Ux,µΨx+µ ,s

)

, (3.2)

where qx and Ψx,s correspond to four and five dimensional fermionic fields, respectively, and the
sum is taken over the sites of the fifth dimesion. The amplitude for the loop in configuration space
is given by

Mloop =Πµν(x,y) (3.3)

4

Quarks

a {
Gluon

[Mainz: Gerardin et. al 1607.08174 PRD94 (2016), Gerardin et. al 
1903.09471  PRD100(2019), BMW: Verplanke et. al, PoS LATTICE2022 (332),  
ETMC: Alexandrou et al., 2212.06704 , 2212.10300 PoS LATTICE2022(306), 
2112.03586 PoS LATTICE2021(519)]

➡ Pseudoscalar pole contributions to the muon g-2:  

https://arxiv.org/abs/1607.08174
https://arxiv.org/abs/1903.09471
https://arxiv.org/abs/2212.06704
https://arxiv.org/abs/2212.10300
https://arxiv.org/abs/2112.03586


(1) Generate ensembles of field configurations using Monte Carlo 

(2) Average over a set of configurations:  

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes 

• Computational cost dominated by quarks: inverses of large, sparse matrix 

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

HVP
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Our strategy�

!  Muon on lattice, photon on lattice, and let 
lattice calculate the form factor (two loop QED)�

EQUATIONS

N. YAMADA

Γ(Hlbl)
µ (p2, p1) = ie6

∫
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p2 + k2)γρS

(µ)(p1 + k1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

∫
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×〈0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0〉

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(1)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](2)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(3)

Breakdown
aSM

µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

V (x) = −#µl · #B(4)

#µl = gl
e

2ml

#Sl(5)

al =
gl − 2

2
(6)

Γµ(q) = γµ F1(q
2) +

iσµνqν

2 ml
F2(q

2)(7)

F1(q
2) = 1, F2(q

2) = 0(8)

F1(0) = 1, F2(0) = al(9)

al = F2(0)(10)
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• Understanding the systematics is extremely important: 

➡ deterioration of signal at large distances 

➡ disconnected diagrams 

➡ discretization effects 

➡ continuum extrapolation … 

Hartmut	Wittig 10

Preliminary	results:	ud,	s,	c
ud,	s	and	c	contribu6ons	on	“D200”,	i.e.	mπ	=	200	MeV,			a	=	0.065	fm
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[Bernecker & Meyer, 1107.4388 EPJA47 (2011) 148]

Time-momentum representation: current-current correlator, summed over all distances:

Lattice HVP: dominant sources of errors
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G f(t) = − 1
3 ∑

k
∑

x
⟨ j f

k(x, t)j f
k(0,0)⟩; f = u, d, s, c

aHVP
μ = (α

π )
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∫
∞

0
dt G(t) K̃(t, mμ)

And only then integrated in time:
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G(t) K̃(t)/mμ

https://arxiv.org/abs/1107.4388


Lattice HVP: dominant sources of errors

[F. Jegerlehner, 2017] [H.Wittig, SchwingerFest22]

• Understanding the systematics is extremely important: 

➡ deterioration of signal at large distances (Q2 —> 0) 

➡ disconnected diagrams 

➡ discretization effects 

➡ continuum extrapolation … 

➡ isospin breaking effects 

➡ scale setting error 

➡ finite volume effects  

➡ charm quark
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HVP Euclidean Window Quantities 

HVP light quark window contrib.: (au,d
μ,w)iso

[RBC/UKQCD: Blum et al.1801.07224 
PRL121(2018)022003]

 [0.4fm − 1.0fm] ≈ 30 % of aHVP
μ
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[BMW: Borsanyi et al. 2002.12347 Nature 
593 (2021)7857]

[Borsanyi et al. 2002.12347 Nature593(2021)7857]

[Colangelo et al. 2205.12963 Phys.Lett.B 833 (2022)]

[Mainz 2002.12347 PRD106(2022)11]

✦ Easy to compare with dispersive methods:
[Fermilab/HPQCD/MILC 2301.08274]

[Phys.Rept.887, arXiv:2006.04822]

[Fermilab/HPQCD/MILC 2301.08274 [hep-lat]]

https://arxiv.org/abs/1801.07224
https://arxiv.org/abs/2002.12347
https://arxiv.org/abs/2002.12347
https://arxiv.org/abs/2205.12963
https://arxiv.org/abs/2002.12347
https://arxiv.org/abs/2301.08274
https://arxiv.org/abs/2006.04822
https://arxiv.org/abs/2301.08274


Lattice computation of   aHVP,LO
μ
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✦ Quark-connected contribution: ✦ Quark-disconnected contribution:

Hadronic vacuum polarisation

Connected and disconnected contribution to the HVP
The leading disconnected contribution to the anomalous magnetic moment of the muon Vera Gülpers

Figure 1: The connected and the disconnected contribution to the hadronic vacuum polarization.

1. Introduction

The anomalous magnetic moment of the muon aµ is one of the most precisely measured quan-
tities in particle physics. A deviation of ⇡ 3� between the experimental and the theoretical value
has persisted for many years. From the theory side, the largest fraction of the error comes from the
hadronic vacuum contribution (hvp), which is the leading order QCD contribution to aµ . Currently,
the best estimate of the hvp relies on a semi-phenomenological approach using the cross section
of e+ e� � hadrons. In the past few years, a lot of effort has been undertaken to calculate the hvp
from first principles using lattice techniques [1, 2, 3, 4]. However, the quark-disconnected contri-
bution to the hvp is generally neglected. This may be a significant source of systematic error, since
in partially quenched chiral perturbation theory, it was estimated that the disconnected contribution
could be as large as �10% of the connected one [5].

We explicitly compute the disconnected contribution to the hvp with O(a)-improved Wilson
fermions using the mixed-representation method [6, 7], where the hadronic vacuum polarization is
calculated using the vector correlator

G��(x0) = �1
3

�
d3x

�
j�
k(x) j�

k(0)
�

with j�
k =

2
3

u�ku� 1
3

d�kd + . . . (1.1)

as follows:

�̂(Q2) = 4�2
��

0

dx0 G��(x0)

�
x2

0 � 4
Q2 sin2

�
1
2

Qx0

��
. (1.2)

The vector correlator G��(x0) receives a connected and a disconnected contribution as shown in
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[RBC/UKQCD: PRL116(2016)232002, … 
BMW: Borsanyi et al. Nature593 
(2021)7857, arxiv:2002.12347]

25%

75%

1.81%

98%

Connected

Disconnected

aμ Δaμ

[Snowmass22 2203.15810 [hep-ph]] [Davier, Hoecker, Lutz, Malaescu, Zhang 
2312.02053 [hep-ph]]

Difference of dispersive HVP ( ) 
and Muon g-2 exp..: 

π+π−; 1.8GeV
(ath

μ − aexp
μ ) × 10−11

https://arxiv.org/abs/2002.12347
https://arxiv.org/abs/2203.15810
https://arxiv.org/abs/2312.02053


➡ In space-like (Euclidean) momenta region 

➡ Obtain  by utilising the running of  in a space-like process  

➡ Proposal to measure precisely the  - dependent fine-structure constant: 

ahad,LO
μ αQED

Q2

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

↵(Q2) =
↵(O)

1��↵(Q2)

[Phys.Lett. B746 (2015) 325-329  by Carloni, Passera,Trentadue, Venanzoni] @e+e- detector

[Eur.Phys.J. C77 (2017) no.3, 139  by Abbiendi et al.] @CERN

ahad,LO

µ =
↵

⇡

Z
1

0

dx(1� x)�↵had[Q
2(x)]

[Lautrup, de Rafael ’69, de Rafael, 
PLB(1994), Blum PRL(2002)]

Prospects for the HVP independent measurement

Master formula

• Standard approach

aHLO
µ =

1
4⇡3

Z 1

4m2
⇡

ds K(s) �0
e+e�!had

(s)

K(s) =

Z 1

0

x2(1� x)
x2 + (1� x) s

m2
µ

• Alternatively (exchanging s and x integrations in a
HLO
µ )

aHLO
µ =

↵
⇡

Z 1

0

dx (1� x) �↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Lautrup, Peterman, De Rafael, Phys. Rept. 3 (1972) 193

Hadronst

? �↵had(t) can be directly measured in a (single) experiment involving t-channel
(space-like) scattering

Arbuzov et al. EPJC 34 (2004) 267
Abbiendi et al. (OPAL) EPJC 45 (2006) 1

C.M. Carloni Calame (INFN, Pavia) MUonE 3 / 26

[MUonE Collaboration https://web.infn.it/MUonE/]

[For more details, see LOI]
         https://cds.cern.ch/record/2677471

FNAL E989: Muon g-2

9

Muonium production target

(300 K ~ 25 meV)

Full tracking 
silicon tracker

66 cm

Compact storage magnet

(3T, ~1ppm local)Ultra slow ǌ+ production by

Resonant Laser Ionization of 

Muonium (~106 m+/s)

Target precision

©(g-2) = 0.1 ppm
©EDM = 10-21 e・cm

Re-acceleration LINAC

(~ 200 MeV)

ıa1 ȷ mm・mrad !

J-PARC g-2 experiment (E34)
3 GeV proton beam

(1MW, double pulses, 25Hz)Production 

target

Surface muon

beam (4 MeV)
ıa1000 ȷ mm・mrad

Ultra 
slow ǌ+

Muon g-2 Experiment at Fermilab, Liang Li, SPCS 2013 June 5th , 2013 2 

As many of you may have heard: 
Muon (ring) is moYing« 

BNL 
E821 

FNAL 
E989 

Why move 600 ton, 15 meter wide 
metal ring half-way across U.S.? 
• Why muons? 
• What¶s muon g-2? 
• What do we learn from it? 
• Why we are moving it to Fermilab? 
• How we are going to run the 

experiment? 
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• Exciting time for lattice QCD computations: mature and innovative! 

• Muon anomalous magnetic moment (muon g-2): good quantity for constraining new physics 

➡ QED and EW contributions known precisely: hadronic contributions dominating uncertainties 

➡ Lattice QCD(+QED) gives an independent theory prediction of HVP and HLbL 

Summary & Outlook

• Lattice QCD not sufficient for sub-percent precision — inclusion of QED and isospin effects needed 

• HLbL: either QCD+QED, or 4-pt function on the lattice (involved but feasible) 

• HVP: mature, QCD+QED for sub-percent precision, agreement on window observable, full HVP in progress 

• MUonE experiment: provide an independent input for HVP and intermediate milestones 

• Experimental input for data driven HVP under scrutiny [BABAR, KLOE, CMD] 

• Muon g-2 Theory Initiative as a framework for exchange between lattice/data-driven/experimental results 

• Update of the White Paper by the Muon g-2 Theory initiative in preparation, https://muon-gm2-theory.illinois.edu 

Lattice 2025, TFIR, Mumbai, India, 
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42nd International Symposium on Lattice Field 
Theory
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